We present predictions of the Kähler moduli inflation model for the spectral tilt by parametrising the reheating epoch by an effective equation-of-state parameter and the number of e-foldings of reheating; and taking into account the post-inflationary history of the model. This model has an epoch in which the energy density of the universe is dominated by cold moduli particles. We compare our results with data from the PLANCK mission and find that exotic reheating (with effective equation of state w re greater than 1/3) or dark radiation is required to match the observations. For canonical reheating case with w re = 0, we deduce log 10 (T re /10 3 GeV) 1190(n s − 0.956). We also analyse our results in the context of observations being planned for the future and their projected sensitivities.
Introduction
The observation of an adiabatic and almost scale invariant spectrum of inhomogeneities in the Cosmic Microwave Background (CMB) has given strong evidence in favour of the inflationary paradigm [1, 2] . In the next decade, it is expected that more precision data will come in. Various observational programs plan to measure the scalar spectral tilt n s with improved accuracy and minutely probe the CMB for non-Gaussianities and tensor modes. For example, it is expected that the spectral index is going to be measured with an accuracy of ∆n s ∼ 0.002 (1-σ) by forthcoming ground based CMB-S4 experiment [3] , and satellite based experiment CORE [4] . If approved, it is expected that these experiments are going to be operational within ten years. On the theoretical front, ultraviolet sensitivity of the slow roll parameters necessitates the embedding of inflationary models in a ultraviolet complete setting. Thus it is natural to carry out inflationary model building in String Theory and with the advent of precision data, it will be crucial to develop the necessary tools so that accurate theoretical predictions can be made for these models.
The central input for obtaining predictions of an inflationary model is the number of e-foldings between horizon exit and the end of inflation (N * ). This in turn depends on the entire post-inflationary history of the universe (including reheating). A generic feature of the post inflationary history of models of inflation constructed in string theory (and supergravity) is an epoch in which the energy density of the universe is dominated by cold moduli particles (which arises as a result of vacuum misalignment during the inflationary epoch) -See [5] for a recent review. Thus, in order to obtain precise theoretical predictions it is necessary to incorporate the effect of this epoch along with the reheating epoch. In this paper, we will carry out this analysis for Kähler moduli inflation [6] . Kähler moduli inflation is a model of inflation in the Large Volume Scenario (LVS) for moduli stabilisation [7, 8] in IIB flux compactifications [9] . Recently, a 'global' embedding of the model in compact oreintifold was provided in [10] . The post-inflationary history of this model was analysed in [11] -in particular the dynamics of the epoch in which the energy density is dominated by cold moduli particles was studied in detail; the effect of this epoch on the value of N * was computed. Although in general the precise microscopic details of reheating can be complicated, we will follow the usual approach of parametrising the effect of the reheating epoch on N * by the number of e-foldings during reheating (N re ) and the effective equation of state (w re ) during the epoch (see for e.g. [12] ). With this the inflationary predictions can be expressed in terms of N re and w re . Interesting constraints arise from the fact that w re can not be arbitrary; physical arguments and simulations constrain the range of w re . Overall our analysis is similar in spirit to [13] , subsequent analysis along these lines using PLANCK data has been carried out in in [12, 14] . Recently, analysis similar to ours has been carried out for the fibre inflation model in [15] . We note that fibre inflation does not lead to an epoch of modulus domination in the post inflationary history. In the case of Kähler moduli inflation this epoch plays a crucial role. This paper is organised as follows. We first review some basic aspects of Kähler moduli inflation and briefly outline the post-inflationary history of the model. Then, following [11] we obtain the dependence of N * on the reheating parameters. We then obtain the expression for the spectral tilt n s in terms of the reheating parameters and compare the model predictions to observational data. Our results are summarised in the plots in section 4. Given the number of e-foldings during the reheating epoch, the temperature at the end of reheating T re of the Standard Model is determined; thus predictions for the spectral tilt in terms of N re and w re can be parametrised in terms of T re and w re . As in [12] , we also present our results in terms of the later parametrisation.
Review of Kähler Moduli Inflation
In this section, we briefly review Kähler moduli inflation and refer the reader to [6] for details of the model. As discussed in the introduction, the Kähler moduli inflation model is set in the Large Volume Scenario (LVS) for moduli stabilisation [7, 8] . We begin by briefly reviewing LVS, which is set in the IIB flux compactifications and the complex structure moduli are stabilised by three form fluxes. The complex structure moduli can be integrated out, and the super potential for the Kähler moduli is given by
where W 0 is the expectation value of the Gukov-Vafa-Witten super potential [16] , and the sum is over s ) (see [18] for a derivation of the Kähler potential in the presence of seven branes).
The simplest models of LVS (which will also be relevant for us) are the ones in which the volume of the Calabi-Yau takes the Swiss-cheese form: [7, 8] . For such models, the overall volume is controlled by τ 1 , the moduli τ 2 , ..., τ n are blow-up modes, and their magnitudes give the size of the holes in the compactification. The scalar potential in the limit V 1 and
computed from the above superpotential and Kähler potential is given by:
where the phases of the axions c i have been chosen so as to minimise the potential, and the last term
V γ with D > 0 and 1 ≤ γ ≤ 3 has been added explicitly. Without V up , the potential has a minimum in the 'large volume limit': V → ∞ with a i τ i ≈ ln V with a negative value of the vacuum energy. To have a solution with a vanishing (or slightly positive) cosmological constant an 'uplift term' V up has been incorporated in the effective action (such a term can arise from various mechanisms for e.g. anti-D3 branes in warped throats [19] , dilaton-dependent non-perturbative effects [20] , magnetised D7-branes [21, 22] , or the effect of D-terms [23] ).
The role of the inflaton is played by one of the blow-up moduli τ n . As mentioned before, we will focus on the case when the volume of the Calabi-Yau is of Swiss-Cheese type 1 . The τ n modulus is displaced from its global minimum during the inflationary epoch. In the regime e anτn V 2 the potential of Eq. (2) can be approximated by:
The inflaton (τ n ) has an exponentially flat potential; and the other directions (V, τ i with i = 2, .., n − 1)
in field space are heavy during inflation. Integrating out the heavy directions, inflaton potential in terms of the canonical field σ is
where
and V in is the value of the volume modulus during the inflationary epoch and β an O(1) constant.
Phenomenological considerations including the constraints from the strength of the amplitude of scalar perturbations require V in ≈ 10 5 to 10 6 [11] . In this region of the parameter space the spectral tilt (n s )
can be expressed in terms of the number of e-foldings between horizon exit and the end of inflation by the formula
The tensor to scalar ratio is rather insensitive to N * ; r ≈ 10 −10 to 10 −11 is in the phenomenologically viable range. Of course the above expression of Eq. (5) for the spectral index is not exact, and in principle can be evaluated by solving for the evolution of the inflation field numerically. The tensor to scalar ratio, r also has mild dependence on the model parameters. Therefore theoretical predictions are sensitive to global embedding of the model in a compactification, and given a global embedding, numerical evolution of the fields has to be performed to obtain the predictions as in [10] . For the present analysis we will take a phenomenological approach (as in [11] ) -we will use the expression of Eq. (5) for n s whereas r will be taken to be in the above range. Finally, we note that the above expression for the spectral index and the value of tensor-to-scalar ratio are also essentially independent of the post-inflationary history of the universe.
As mentioned in the introduction, the key feature of the post-inflationary history of the model that is relevant for our analysis is the epoch in which the energy density is dominated by cold moduli particles.
This arises as a result of vacuum misalignment; the volume modulus is displaced from its post-inflationary minimum during the inflationary epoch. This displacement was computed explicitly in [11] was obtained in [11] (using the analysis of [25] ) 2
Here N mod2 is the number of e-foldings that the universe undergoes during the epoch in which the energy density is dominated by the volume modulus. The R.H.S of the above equation is entirely determined by the details of inflation. We note that the dependence on r is mild, but the size of the term involving r is appreciable as Kähler moduli inflation has a very small value of r (r ≈ 10 −10 ). Also, since the potential for Kähler Moduli inflation is exponentially flat, it is a good approximation to take ρ * ρ end ≈ 1. Our ignorance about the detailed mechanism of the reheating epoch is parametrised by the effective equation of state parameter w re , and the number of e-folding during the epoch N re . Of course, for a model in which all the couplings between the modulus field with the Standard Model degrees of freedom are known, the mechanism for reheating can be determined and N re and w re can be computed. In [11] , post inflationary dynamics of the volume modulus was discussed in detail, and it was found that N mod2 ≈ 25. Taking these inputs, Eq. (6) becomes
The above equation will be central for our analysis to confront the model with the data in the next section. Before proceeding to this analysis, let us discuss some points which will play an important role.
Firstly, the range of the equation of state parameter w re . The simplest model for reheating is the canonical reheating scenario -the scalar field oscillates coherently around a quadratic minimum producing a cold gas of particles, these decay to the Standard Model sector producing a thermal bath of temperature T re ∼ ΓM pl (where Γ is the total decay width). This has w re = 0. More generally, if the oscillations take place around a minimum of the form φ n (with n even), the equation of state parameter is given by w re = (n − 2)/(n + 2). Thus w re > 0 requires higher dimensional operators dominating the minimum.
More exotic possibilities for the physics of reheating involve resonant production of particles, tachyonic instabilities, inhomogeneous modes and turbulence (see [26] for a review). Recent numerical studies indicate that for all these cases 0 w re 1/4 [27] ; we will mainly focus on this range while carrying out our analysis. We note that instant thermalisation to radiation corresponds to w re = 1/3, and this is hard to achieve in practice. For the sake of completeness, we will take a very broad range −1/3 ≤ w re ≤ 2/3 (recall that w ≤ −1/3 gives an inflationary epoch) for the analysis in the next section.
As discussed in the introduction, it is possible to trade the parameter N re for the last reheat temperature T re in Eq. (7). For a fixed value of w re , the equation then relates the last reheating temperature to the spectral index. The relationship between N re and T re for Kähler moduli inflation can be easily obtained from the analysis in [11] . Section 4.2 of [11] provides expressions for the energy density at the beginning and end of each epoch of the post-inflationary history of Kähler moduli inflation. Using these and incorporating the effect of the reheating epoch we find the Hubble constant at the end of the reheating epoch to be
Here the exponential factor takes care of the effects of reheating, and N re = 0 corresponds to the instant reheating case. Combining this with the usual relationship between the associated energy density and the reheating temperature, 3M 2 pl H 2 (t) = ρ(t) ≈ . The dark brown band corresponds to the 1-σ region (∆n s ∼ 0.006) and the light brown band to the 2-σ region. The green band marks the projected future 1-σ sensitivity region with ∆n s ∼ 0.002; assuming that the central value remains unchanged [3, 4] . The blue region corresponds to the parameter space for a physically well motivated reheating scenario with 0 < w re < 1/4. The horizontally marked mesh region is excluded from BBN constraints; T re 10 MeV. On the other hand, the region with right slanted lines requires a non-standard scenario for cosmology at the electroweak scale, T EW = 100 GeV. Plot (b) shows N re as a function of n s with lines and regions marked with the same colour coding as plot (a).
logarithmic dependence) we find
In the next section, we will present our main results by analysing the dependence of N re and T re on scalar spectral index n s .
Comparison to Observations
We now have all the ingredients necessary to compare the model predictions with the observational data.
For fixed values of the equation of state parameter w re , we plot T re and N re as a function of the spectral index n s (using Eq. (7) and Eq. (9)) in Fig. 1a and Fig. 1b respectively. We choose five benchmark values for w re in the range discussed in the previous section (−1/3 ≤ w re ≤ 2/3). Recall that canonical reheating corresponds to w re = 0, and w re = 1/3 corresponds to instantaneous thermalisation to radiation.
Although the region w re > 1/3 is not very well motivated physically, we also present plots for w re = 2/3 for the purposes of illustration. Numerical simulations of reheating suggest 0 < w re < 1/4 [27] ; we explicitly mark this range in the plots. between n s and T re , and this can be done using least square fitting method. For canonical reheating (w re = 0) we find: log 10 (T re /10 3 GeV) 1190(n s − 0.956) (see Fig. 2 ). This clearly exhibits the difficultly in matching with data since the reheating temperature in the model is bounded by 10 3 Gev.
Next, let us consider Planck (TT,TE,EE+lowP) data for which the central value for n s becomes smaller n s 0.965, but the associated error also decreases. Our analysis is summarised in Fig. 3a and Fig. 3b . It is easily seen that the conclusion is unchanged. Dark radiation is a generic feature of string models. In LVS, the axionic partner of the volume modulus Figure 4 : Plots for Planck data (TT+lowP+lensing+r+N eff ) with dark radiation incorporated, the colour coding is same as Fig. 1 .
is a natural candidate for dark radiation [28] . Comparison to Planck data (TT+lowP+lensing+r+N eff )
with dark radiation 4 included in the post-inflationary history is presented in Fig. 4a and Fig. 4b . Note that with this the predicted value of n s is within the 2-σ bound for N re = 0 (this was previously noted in [10] ), and remains within it for large values of N re . But we note that for this data set, the 2-σ range is large compared to the other sets.
Future experiments will bring down ∆n s , and might as well shift the central value of n s . But with the current measurements of the spectral index we see that the model can be viable only for an exotic reheating scenario or with dark radiation. We stress that due to the existence of a matter dominated post-inflationary epoch, the predicted value n s becomes smaller as we measure the cosmologically relevant modes at smaller number of e-folds. The effect of reheating just exacerbates the problem further. If the background cosmological model is extended from ΛCDM + r, the constraint can be relaxed in certain cases, but that is highly dependent on what extra physics is added.
Conclusions
In this paper, we have incorporated the effect of the post inflationary history (the epoch of domination by moduli particles and reheating) of Kähler moduli inflation to extract the theoretical prediction for the spectral tilt of the model. We have found that for the model to be consistent with either Planck (TT+lowP+lensing) or Planck (TT,TE,EE+lowP) data, one requires an exotic epoch of reheat (w re ≈ 2/3). With dark radiation Planck (TT+lowP+lensing) for ΛCDM + r + N eff , the model is within the 2-σ range even after the effects of reheating are incorporated. While we have focussed on a single model in this paper, the results exhibit the importance of carrying out a similar analysis for any model of inflation while confronting it with precision data. A crucial input for our analysis was the contribution to N * from the epoch in which the energy density of the universe is dominated by cold moduli particles. To compute this contribution for a model it is necessary to embed the model in a compactification (where the masses and widths of the moduli fields can be determined). Thus to confront precision data, "global embedding" of models (as in [10] ) is absolutely necessary. We note that our analysis is not limited to the case of Kähler moduli inflation. The effect is relevant for any inflation model with late decaying scalar field dominating the energy density at the end of inflation (see e.g. [29] ). We would like to emphasise that future experiments like ground based CMB-S4 experiment [3] , and satellite based experiment CORE [4] are going to measure the spectral index of the CMB with a projected error of ∆n s ∼ 0.002 (1-σ) ; therefore, analysis in the spirit of the present work is going to become more and more important.
